Highly ordered arrays of nanoscale magnetic structures form the basis of artificial spin ices, uniform particles for bio-medical applications, and data storage as Bit Patterned Media. We demonstrate that small-angle X-ray scattering (SAXS) allows the size distribution and the positional alignment of highly ordered arrays to be determined with high spatial and statistical accuracy. The results obtained from the SAXS measurements are compared to an analysis of Scanning Electron Microscopy images and found to be in excellent agreement. This confirms the validity of the technique and demonstrates its potential as a fast, accurate, and statistically reliable method for characterising arrays of ordered nanostructures.
I. INTRODUCTION
Highly ordered arrays of nanostructures play a key role in many aspects of modern science and technology, such as in artificial spin ices, 1,2 as resonant enhancers in plasmonics, 3, 4 in magnetic data storage drives as Bit Patterned Media (BPM), [5] [6] [7] for functionalisation of material surfaces, 8 and in biomedical science studying proteins. 9 In general, the fabrication of such arrays involves several process steps that inevitably lead to a certain distribution of structural parameters. To take full advantage of the desired properties of ordered arrays of nanostructures, it is essential to know the structural parameters including mean diameter, standard deviation of the diameter, and position misalignment. These parameters can be used to optimise the fabrication process 10 or in theoretical calculations and simulations to predict the performance of the array, for example, in BPM [5] [6] [7] or artificial spin ices. 11, 12 Real space imaging techniques used to characterise nanostructure arrays such as Atomic Force Microscopy (AFM) 13 or Scanning Electron Microscopy (SEM) 14 are usually limited in the number of islands that can be measured in a single image as these are serial methods where the sample is scanned, resulting in appreciable measurement times. Consequently, the statistical significance of these experim e n t si so f t e nd i f ficult to obtain, especially in applications where large numbers of nanoislands () 10 5 ) are involved. Small-angle X-ray scattering (SAXS) measurements offer the possibility to investigate a very large number of nanoislands simultaneously in parallel, reducing measurement times to the order of seconds. This provides a method of characterising large arrays of highly ordered nearly uniform nanoislands with high statistical significance. In order to evaluate the capabilities of SAXS to characterise arrays of nanomagnetic islands, we measured a systematic series of samples. The principal variable was the periodicity of the islands which was varied between 50 nm and 250 nm. The individual island diameter ranged between 15 nm and 40 nm with the largest islands corresponding to the arrays of greatest period. This resulted in arrays with diameter/pitch ratios varying between 0.16 and 0.3, which covers a significant part of the range of ratios encountered in the literature. [5] [6] [7] 
II. EXPERIMENTAL
In this work, we report on SAXS experiments using synchrotron radiation undertaken on large arrays of highly ordered, nearly uniform nanoislands (10 6 -10 8 islands). The measured scattering data are analyzed using a modified scattering equation to determine the island size distribution and position misalignment. The results obtained were compared to SEM measurements of the same nanoislands to validate the SAXS data.
The samples investigated consisted of arrays of magnetic islands fabricated on X-ray transparent Si 3 N 4 membranes using a lift-off process. A bilayer (950 K/50 K) polymethylmethacrylate (PMMA) resist was employed to ensure welldefined island edges and to create a negative sidewall profile. The resist was spin-coated onto a Si supported Si 3 N 4 membrane and then exposed using an electron beam writer (Vistec EBPG 5000+). Following the development of the resist, a magnetic thin film of Ta (2)/Pd (3)/[Co (0.3)/Pd (0.9)] 8 / P d( 1 . 1 ) ,w h e r ea l lt h i c k n e s s e sa r ei nn ma n dt h e total thickness is 15.7 nm, was deposited on the patterned resist by DC magnetron sputtering. Finally, the remaining resist was lifted off and the supportive Si was removed by wet etching in potassium hydroxide (KOH) solution, creating a sample with an X-ray transparent region of 500 × 200 μm 2 . The island diameter (≤40 nm) was designed to create a series of arrays where the diameter/period ratio was between 0.16 and 0.30. A systematic series of square lattice arrays were designed with periodicities of 50, 60, 70, 80, 100, and 250 nm (Fig. 1) .
The SAXS characterisation was conducted at the coherent Small-Angle X-ray Scattering beamline X12SA at the Swiss Light Source with an X-ray energy of 7.71 keV, close to the K-edge absorption of the Co nanoislands demonstrating the potential of extending the technique to resonant X-ray scattering. 15 The energy resolution was ΔE E , 0:02% and the photon flux at the sample position was approximately 10 12 photons/s. The measurements were performed with the X-ray beam at normal incidence with respect to the patterned sample surface and an illumination area of approximately 50 μm diameter. The SAXS measurements presented here are sensitive to structural dimensions of ≈5-100 nm with the lower limit being approached for the small-period nanostructure arrays. The X-ray exposure for a single measurement takes only a few seconds. The scattering patterns were detected with a 2D Pilatus detector (1475 × 1679 pixels, pixel size 172 × 172 μm 2 ). A 7 m evacuated drift tube was placed in the beam path between the sample and the detector to minimise air scattering. The measured area was subdivided into a 3 × 3 matrix giving 9 squares of equal size across the surface. Measurements on each of these square areas were repeated 6 times for 2 s. This procedure reduces measurement artefacts and keeps the heat load to a minimum, thus avoiding distortions. Alignment and averaging of each measurement area was performed to produce a single data set for analysis.
III. DATA REDUCTION OF SAXS MEASUREMENT
An example SAXS measurement performed on the 250 nm period nanoisland array is given in Fig. 2 (a),s h o w i n gt h e scattering intensity I(x,y). The position vectors x and y correspond to the pixels on the 2D detector, and the scattering amplitude (using a Log scale) is represented by the height and colour of pixel. Due to the long-range periodicity of the nanoisland locations in real space, the resulting diffraction pattern 
FIG. 2.
Measured (a) X-ray intensity distribution for the 250 nm period nanoisland array and (b) the corresponding background intensity using a patch method algorithm to produce a complete background.
FIG. 3.
Measured intensity distribution (black circles) and model fits (red crosses joined by lines) for nanostructure arrays with periods 250, 100, 80, 70, 60, and 50 nm. Note, the x-axis is scaled to show the q-range of interest for each array period.
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ARTICLE scitation.org/journal/jap contains several thousand individual "Bragg peaks" similar to those arising from scattering by crystals of atoms in large angle-diffraction. As in diffraction from atomic crystals, in our 2D arrays of nanostructures, the amplitude of these peaks in reciprocal space is modulated due to the finite size of the nanoislands in real space via the Fourier transform of the cylindrical shape of the islands (see Sec. IV). This is analogous to the modulation of diffraction peaks by the atomic form factor in large-angle diffraction. We note that, in principle, different form factors could be used to model a range of geometries. The nodes in this function lead to circular nodes around the beam centre in the intensity of diffraction peak heights, as visible toward the edge of the pattern in Fig. 2(a) , where the intensity of the peaks is significantly reduced. In addition to these nodes, the form factor also leads to an overall rapid reduction in diffraction amplitude as a function of reciprocal wavevector q. There is an additional source of intensity reduction with q due to the random positional disorder of individual scatters about their ideal positions on the real space lattice. By analogy with the Debye-Waller factor in atomic scattering, this can be modeled by a term G(q) ¼ exp(ÀBq 2 ), where B is a constant and q ¼ 4π sin (θ)=λ. 16, 17 We define the scattering angle,(θ=2), as the angle between the incident and scattered beam with λ as the wavelength of the beam. The combined effects lead to intensity variations of over five orders of magnitude in some of our data. The scattering pattern in reciprocal space thus contains information about both the perfection of the real-space lattice and the size, shape, and dispersity of the nanoislands in real space.
Prior to fitting the measured diffraction intensities, any background signal must be removed including the contribution from the direct beam. To obtain an estimate for the background signal, we employ a so-called "patch" method of background subtraction. With the patch method, the data from an area of the two-dimensional detector (x, y) where a diffractionpeak is located are removed. An algorithm identifies each diffraction peak as they are standalone points with values much higher than the background intensity. These points are then subtracted from the intensity measurement, leaving only the background intensity and gaps in the data from where the diffraction peaks have been removed. To compensate for these gaps, a running average is applied, which takes the gradient of the surrounding area and applies it to the gap. Thus, the intensity is smoothed to produce a continuous background intensity [ Fig. 2(b) ]. To obtain the diffraction data, the total background intensity, shown in Fig. 2(b) , is subtracted from the X-ray intensity distribution [ Fig. 2(a) ]. The background-subtracted data, which consist of the diffraction peaks modulated by the form factor, are used for all subsequent analyses.
With decreasing array periodicity, additional low-intensity peaks appear in the vicinity of the expected diffractionpeaks corresponding to the array pitch. These "satellite peaks" have an intensity of one or two orders of magnitude lower than the expected diffraction-peak. Therefore, the satellite peaks are easily identifiable and can be removed from the diffraction data; thus, only the expected diffractionpeaks are fitted.
Satellite peaks arise due to small imperfections in the periodicity of the array. These imperfections are typically very difficult to quantify using direct imaging techniques due to the simultaneous requirement of high measurement accuracy and a large field of view. In these samples, satellite peaks most likely arise from the electron-beam lithography process where the array is not written continuously but rather in fields, with the size of the main field of the order of 100 μm and the size of the subfields of the order of 1 μm. It is likely that the stitch error between different write fields causes a relative shift or tilt between the various nanostructured fields, so giving rise to the satellite peaks. While the analysis of such satellite peaks can give insight into subtle larger-scale misalignment of the array elements, rejection of these satellite peaks does not influence the modeling of the island form factor described in Sec. IV.
IV. THEORY AND ANALYSIS OF SAXS DATA
Due to the square symmetry of the lattice, many symmetrically equivalent peaks in the diffraction pattern lie at the same q ¼jqj from the centre of reciprocal space and hence at the same distance from the beam centre in the 2D diffraction pattern. Each diffraction peak is spread over a number of pixels, so the integrated intensity can be obtained reliably. To explore the q-dependence of the peaks, the intensities of all equivalent peaks can be averaged and folded onto a 1D axis, making appropriate corrections for the multiplicity of   FIG. 4 . Plot of the mean diameter obtained from fitting and averaging all the SAXS measurements for each sample in the periodicity series. The uncertainty in (a) the mean diameter is within the symbol. In (b), the standard deviation is an indication of the polydispersity of island diameters, and in (c), the positional variance is the variation in island position relative to the ideal square lattice. The data are tabulated in the supplementary material. each peak. As a beam stop was used to protect the detector, the beam centre was determined by fitting a 2D Gaussian function to the background data, shown in Fig. 2(b) ,f r o m which the position of maximum intensity was calculated. The distance in pixel numbers from the beam centre (Fig. 2) i s converted to scattering vector q using the known geometric parameters. The experimental setup included a drift tube of length 7.0885 m, which permitted scattering vectors up to q % 0:96 nm À1 to be measured. The gaps in measured intensity (white lines in Fig. 2 ) are due to joins in the 2D detector array. These joins do not affect the analysis as any peaks that would have occurred within these white lines do not contribute to the average peak intensity for that set. The affected regions are small, and thus their contribution, which would lower the signal-to-noise ratio, is not significant and the mean value for the intensity is not adversely affected.
The reduced and calibrated data were analyzed using a Matlab program. The starting point for the analysis of the coherent scattering is the generalised scattering intensity equation for an ensemble of identical scattering objects [18] [19] [20] [21] 
The first three terms (incident beam intensity I o , object scattering length density difference (b 1 À b 2 ) between the scatterers and the matrix, and the number density N V ) can be condensed into one parameter since these terms are independent of the scattering vector q and are constant. In our case, the nanoislands are surrounded by vacuum, so the combined term is simply a scattering length density for the nanoislands. During the experiment, the measured intensities are corrected using a beam monitor to ensure an effective constant flux for the reduced data, although the absolute intensity is not necessary for the analysis as we fit a normalised function to the data. The so-called form factor F(qR) is the Fourier transform of the shape of the sample, that is of a cylinder of radius R.
22-25
In typical small-angle scattering, the term S(q)r e flects the Fourier transform of the spatial arrangement of the scatters in real space. Since our real space lattice consists of a periodic square array of objects, this is simply a delta function S(q) ¼ δ(q À K), where K are reciprocal lattice points, that is, we have diffraction peaks. As discussed above, G(q)i sa n effective Debye-Waller factor. 18, 19, 21 We thus effectively fit the normalised function
to the integrated intensities at the points q ¼jKj.
To fit the measured intensity distribution accurately, Eq. (2) must be modified to account for polydispersity in the form factor, which captures the variation in diameter of the islands,
where the Debye-Waller factor is explicitly given by
The diameter distribution is modeled as a Gaussian function, which is used as a weighting function for the form factor, given as The form factor can be factorised as both parallel and perpendicular alignment to the sample surface. Therefore, the form factor has the following form:
For the experimental geometry used here, θ ¼ 90 . Therefore, under normal X-ray incidence parallel to the cylinder axis, the form factor simplifies to
The total scattering intensity used for fitting the diffraction data is thus 18, 25 
where L and R are the length (equivalent to the thickness of the film) and radius of the cylinder, respectively, and J 1 is a Bessel-function of the first kind. Fitting Eq. (8) to the measured data allows values for the mean radius (diameter), standard deviation, and positional variance to be determined.
V. RESULTS
The integrated SAXS diffraction data (symbols) are shown in Figs. 3(a)-3(f ) where the intensity of the scattering is   FIG. 6. (a) -(f ) Histograms of island diameters obtained from a manual analysis of multiple SEM images of highly ordered arrays of nanoscale magnetic structures where the array period was varied between 250 nm and 50 nm. The error was assumed to be ±2 pixels.
plotted against scattering vector q. The data include error bars, but these are only visible within the symbols at low intensities. The solid lines are the fits to the data obtained using the model and procedures described in Sec. IV. The quality of fit for each position was assessed by the degrees of freedom corrected r 2 -value (Adjacent R square) and the root mean square error (RMSE). As the measured area is subdivided into 9 squares, the quality of the fit for each square is reflected in the uncertainty of the fit parameters. To obtain averaged structural parameters for the array, the uncertainty of each set of 9 parameters was considered and the mean value for the array was obtained by weighting the contributions of the individual squares by the uncertainty in the fit. The values for uncertainties obtained from the fits were found to be >0.9 for Adjacent R squared and between 0.2 and 0.4 for the root mean square error.
Fitting the model to the data provides values for the mean diameter, standard deviation of the diameter, and positional variance. The fit also provides an estimate of the uncertainty in the values for each of these parameters. In Fig. 4 , results are shown for island diameter, standard deviation of the island diameter, and positional variance for the series of island arrays measured. The Gaussian distributions modeled from the polydispersity of island diameters determined from these parameters are provided in the supplementary material. The diffraction data show that the diameter is, to a close approximation, a linear function of the period for the lithography process employed and are consistent with the parameters expected, where for large centre-to-centre distances, the mean diameter is greater than for smaller centre-to-centre distances.
It can also be seen that the positional variance of the island arrays is a significant fraction of the island diameter as the period and diameter decrease. This information demonstrates the effectiveness of SAXS as a measurement technique to provide information that can be used to optimise fabrication methods in order to create near perfect island arrays over large areas. These data can also be used directly to predict the performance of samples fabricated using the current process, for example, as BPM. [26] [27] [28] Having demonstrated the feasibility of SAXS as a technique to characterise nanoscale islands with high statistical precision, we now verify the accuracy of the measurements with real-space SEM imaging. A Carl-Zeiss Supra VP55 SEM using an accelerated voltage of 7 kV with a resolution of 0.7 nm was employed. The SEM technique is a well-established laboratory based imaging technique with sub-nanometre spatial resolution. To obtain statistically meaningful measurements of the distribution of island diameters, multiple images must be analyzed, as the field of view limits the number of islands visible per image. The analysis of these images was performed by counting each pixel by hand that, although quite time consuming, provides an accurate measurement of size. The data obtained from this measurement found the diameter and distribution within an error of 2 pixels. We note that in future, the growing availability of sophisticated image processing software, possibly incorporating Artificial Intelligence, will likely further improve the analysis time and accuracy of the results obtained from direct imaging techniques.
An example SEM image is shown in Fig. 5 where the individual pixels are counted and then converted into a measurement of the diameter. Here, measurements of orthogonal diameters are recorded and averaged for each nanostructure. Conversion uses pixel count and, therefore, the number of possible pixels limits the accuracy of this method. Conversion used 1 pixel = 0.72 nm, given by the calibrated magnification used during the measurement.
The results for SEM measurements are plotted as histograms and shown in Figs. 6(a)-6(f ) , where the values measured are the diameter of the nanostructures.
In order to understand how the measurements compare with SAXS diffraction data, the parameters obtained from both methods are compared in Fig. 7 .
It can be seen from the data in Fig. 7 that the two methods produce, within error, identical results. The uncertainties associated with the SEM measurement are considerably greater reflecting the poorer counting statistics inherent in the methodology. The correlation obtained between the two methods demonstrates the utility of the SAXS technique. SAXS produces reliable, accurate results with much higher statistical confidence due to the large area measured in parallel, 500 μm × 200 μm for SAXS compared with 2.1 μm × 2.1 μm for SEM, and at a fraction of the time needed in comparison to the SEM measurement and analysis.
FIG. 7.
Comparison of (a) the mean diameter and (b) standard deviation of the nanoislands obtained from SEM and SAXS measurements.
VI. CONCLUSION
We have demonstrated that values for mean diameter, standard deviation, and positional variance are measurable using the SAXS method for nanostructure arrays. The validity of this experiment was tested by comparing SAXS results with SEM data, which is a well-established technique for imaging nanostructures. The data demonstrate that values obtained using the two techniques are identical within error. The statistical significance of the SAXS diffraction data is considerably better since orders of magnitude more islands may be sampled in a measurement time of seconds. Therefore, the SAXS method is a valid alternative to SEM and other imaging techniques for measuring nanostructure arrays producing data with much greater statistical significance and much reduced measurement time. Indeed, the increasing capabilities of laboratory-based instruments should allow SAXS measurements to be utilised routinely rather than using synchrotron source employed. It also offers the possibility of probing small imperfections in highly ordered arrays through an analysis of satellite peaks. Although we focused our measurements on cylindrical nanostructures, it is possible to measure a variety of nominally identical nanostructure arrays with translational symmetry using this method where the shape of the structures does not limit its accuracy.
SUPPLEMENTARY MATERIAL
A normalised probability distribution for SAXS measurements, as well as values for Figs. 4 and 7, can be found in the supplementary material.
